Abstract. In the authors' previous work, it was shown that if a zero mean curvature C 4 -differentiable hypersurface in an arbitrarily given Lorentzian manifold admits a degenerate light-like point, then the hypersurface contains a light-like geodesic segment passing through the point. The purpose of this paper is to point out that the same conclusion holds with just C 3 -differentiability of the hypersurfaces.
Introduction
This paper is a remark on authors' previous work [3] . We denote by M a C ∞ -differentiable Lorentzian (n + 1)-manifold (n ≥ 2). Let U be a domain of (R n ; u 1 , . . . , u n ) and o(∈ U ) an arbitrary fixed point. We let F : U → M be a C r -immersion (r ≥ 3). A point q ∈ U which is neither time-like nor space-like is called a light-like point, which is a zero of the function B F defined in [3, (1.2) ]. A light-like point q is called degenerate if the exterior derivative of B F vanishes at q. In [3] , a class X When M = R 3 1 and F is a zero mean curvature immersion, Fact A was shown by Klyachin [2] under the assumption that F is C 3 -differentiable. So it is expected that the fact also holds for any C 3 -differentiable F . The above fact was applied to prove a Bernstein-type theorem in [1] for entire zero mean curvature graphs without time-like points. So by the following theorem, the main theorem of [1] holds under C 3 -differentiability of the graphs:
Theorem B. In Fact A, the same conclusion holds even if F is a germ of a C 3 -immersion. In particular, if F is a C 3 -differentiable zero mean curvature hypersurface in M containing a degenerate light-like point o, then F contains a light-like geodesic segment passing through F (o) consisting of only degenerate light-like points.
In [3] , we proved Fact A by showing the local Lipschitz property of a certain system of ordinary differential equations (cf. [3, (4.8)]). However, by a careful tracing of the proof of [3, Theorem A], we obtain the same conclusion under merely C 3 -differentiability of F , as in the discussions in the next section. It should be remarked that the authors do not know whether the theorem holds under C 2 -differentiability of F or not, which should remain an open problem.
Proof of the theorem
Since o ∈ U is a light-like point, there exists a non-zero tangent vector v of U at o such that dF (v) is a light-like vector. We let σ be a light-like geodesic passing through F (o) such that dF (v) points in the tangential direction of σ at F (o). We then take a Fermi-coordinate system (x 0 , . . . , x n ) of signature (
, the Fermi coordinate system (x 0 , . . . , x n ) can be taken as the canonical coordinate system. Using this coordinate system, σ can be expressed as
Moreover, all of the Christoffel symbols of the Lorentzian metric g of M vanish along σ. We can express F as (cf. [3, (4.1)])
where f (x 1 , . . . , x n ) is a C 3 -function of variables x 1 , . . . , x n defined on a neighborhood of the origin o ∈ R n (o corresponds to the degenerate light-like point of F ). In this expression of F , (x 1 , . . . , x n ) can be considered as a local coordinate system of U at o without loss of generality. We set y := x n and use the notation ′ = d/dy, and set
where
2 )-differentiable function of single variable y. Using these, we define a function c by (cf. [3, (4. 2)]) by
Then c is a function of class C 2 , and the third derivatives
exist for i, j = 1, . . . , n − 1, which are continuous functions. By (1.1) and (1.2), one can easily show that
and that
Remark 1. In [3] and [1] , we used the function h ij satisfying
Moreover, we wrote that h ij are C 1 -functions. However it may not be true, in general. We should avoid this expression. In fact, for example, even if h ii is a C 1 -function, the following computation is not allowed
So it should be replaced (1.5) by (1.2) in [3] and the final remark of [1] .
The condition that o is a degenerate light-like point is written as (cf. [3, (4. 3) and (4.5)])
[3, (3.1) and (3. 
where ∂ xα := ∂/∂x α . Since we can write (1.8)
the coefficients s i,j of the induced metric ds 2 with respect to the local coordinate system (U ; x 1 , . . . , x n ) given in [3, (2. 3)] can be computed as
Since {ĝ αβ } n α,β=0 are functions of f , each s i,j is also a function of f and f I , where
. In particular, B is a function of f and f I . Also each components i,j (i, j, = 1, . . . , n) of the cofactor matrix of the n × n-matrix (s i,j ) is also a function of f and f I .
By ( each of which can be considered as a function of f . Since F xj = f xj ∂ x0 + ∂ xj , we can write
where D is the Levi-Civita connection induced by g. In particular, by [3, (2.6)], A is also a function of f , f I , f IJ and f In , where
As a consequence,Ã (cf. (1.7) ) has the following expression:
where R is a function of f , f I , and S is a function of f , f I , f IJ , f In and ϕ. For example, if M = R n+1 1
and ϕ = 0, thenÃ = A and
Although f I (resp. f IJ and f In ) has (resp. have) only C 2 -differentiability (resp. C 1 -differentiability), R and S depend smoothly on variables f, f I , f IJ , f In and ϕ, because M itself is a C ∞ -manifold. Differentiating (1.9), we have the following expression of the derivativeÃ xi with respect to ∂ xi :
where T is a function of f I , f IJ , f In , f IJK , f IJn , ϕ, ϕ I and
For example, if n = 2, R is a function of f, f x1 and S is a function of ϕ, f , f x1 , f x1x1 , f x1x2 . So we have the following:
where, for example,
SinceÃ vanishes identically, we haveÃ = 0 andÃ xi = 0 for i = 1, . . . , n − 1. We set x := (x 1 , . . . , x n−1 ) and substitute x = (0, . . . , 0) to them. Then they are functions of one variable y, and we have 
Then we have the following expressions 
hold for l = 1, . . . , n − 1, where
. In particular, (1.16) and (1.17) give a normal form for a system of ordinary differential equations thinking a, b i (i = 1, . . . , n−1) are unknown functions, and can be considered as precise expressions of [3, (4. gives a light-like geodesic of M consisting of degenerate light-like points. So, we can conclude that (1.6) implies (1.20) , that is, we have proven the theorem.
Remark. We point out that there is a minor typographical error in the proof of Theorem D in Section 6 in [3] . In fact, in the beginning of the proof, we had set f (x, y) = a(y)+b(y)x+h(x, y)x 3 , but it should be f (x, y) = a(y)+b(y)x+h(x, y)x 2 . The remaining arguments can be read without any need for corrections.
